For a graph G the symbol G → (3; : : : ; 3 r ) means that in every r-colouring of the vertices of G there exists a monochromatic triangle. The triangle vertex Folkman numbers Fr(3)=min{|V (G)| : G → (3; : : : ; 3 r ) and cl(G) ¡ 2r} are considered. We prove that Fr(3) = 2r + 7, r ¿ 3.
K n -complete graph on n vertices; (G)-chromatic number of the graph G.
Let G 1 and G 2 be two graphs without common vertices. We denote by G 1 + G 2 the graph G for which V (G) = V (G 1 ) ∪ V (G 2 ) and E(G) = E(G 1 ) ∪ E(G 2 ) ∪ E , where E = {[x; y]: x ∈ V (G 1 ); y ∈ V (G 2 )}.
Vertex Folkman numbers
Deÿnition. Let G be a graph and a 1 ; : : : ; a r be positive integers. The symbol G → (a 1 ; : : : ; a r ) means that for every r-colouring of the vertices of G V (G) = V 1 ∪ · · · ∪ V r ; V i ∩ V j = ∅; i = j;
there exists i ∈ {1; 2; : : : ; r} such that the graph G contains a monochromatic a i -clique K of colour i, i.e. V (K) ⊆ V i .
Deÿne
H (a 1 ; : : : ; a r ; q) = {G : G → (a 1 ; : : : ; a r ) and cl(G) ¡ q}; F(a 1 ; : : : ; a r ; q) = min{|V (G)|: G ∈ H (a 1 ; : : : ; a r ; q)}:
It is clear that G → (a 1 ; : : : ; a r ) implies cl(G) ¿ max{a 1 ; : : : ; a r }. Folkman [2] , proves that there exists a graph G such that G → (a 1 ; : : : ; a r ) and cl(G) = max{a 1 ; : : : ; a r }. Therefore the numbers F(a 1 ; : : : ; a r ; q) exist only if q ¿ max{a 1 ; : : : ; a r }. These numbers are called vertex Folkman numbers. The numbers F(3; : : : ; 3; q) are called triangle vertex Folkman numbers.
Let a 1 ; : : : ; a r be positive integers. We deÿne
(a i − 1) + 1 and p = max{a 1 ; : : : ; a r }:
Obviously, K m → (a 1 ; : : : ; a r ) and K m−1 9 (a 1 ; : : : ; a r ). Hence, if q ¿ m + 1, then F(a 1 ; : : : ; a r ; q) = m.
The following propositions hold:
The numbers F(a 1 ; : : : ; a r ; m) exist only if m ¿ p + 1. Luczak and UrbaÃ nski proved that F(a 1 ; : : : ; a r ; m)=m+p [5] . The numbers F(a 1 ; : : : ; a r ; m−1) exist only if m ¿ p+2.
The exact values of very few of the numbers F(a 1 ; : : : ; a r ; m − 1) are known. All of these known values are given in [14] . We need only the following two numbers. Inequality F(3; 3; 4) 6 14 is proved in [9] and the opposite inequality F(3; 3; 4) ¿ 14 is veriÿed be means of computer in [15] .
Main result
Consider the vertex Folkman numbers F(a 1 ; : : : ; a r ; m−1) in the case a 1 =· · ·=a r =p. Deÿne In [7] Mycielski presents an 11-vertex graph G such that G → (2; 2; 2) and cl(G)=2, proving that F 3 (2) 6 11. ChvÃ atal [1] , proved that the Mycielski graph is the smallest such graph, and hence F 3 (2) = 11. The inequality F 4 (2) ¿ 11 was proved in [11] , and the inequality F 4 (2) 6 11 in [8, 10] (see also [12] ). Since G → (2; : : : ; 2 r ) ⇔ (G) ¿ r + 1, the equality F r (2) = r + 5 for r ¿ 5 follows from the next theorem.
Theorem A ( [8, 10] ). Let G be a graph such that cl(G) ¡ r and (G) ¿ r + 1, r ¿ 5.
The equality G = K r−5 + C 5 + C 5 means that G is isomorphic to K r−5 + C 5 + C 5 . The equality F r (2) = r + 5, r ¿ 5, is proved also in [6] . In this paper, we shall give a new proof of Theorem A in Section 7.
Our main result is the following:
Theorem. F r (3) = 2r + 7, r ¿ 3.
Luczak et al. [6] proved that 2r+5 6 F r (3) 6 2r+10 for r ¿ 4, and 11 6 F 3 (3) 6 20. The bound F r (3) ¿ 2r + 7 for r ¿ 4 is also announced in [6] . However, a proof of this inequality published by these authors is unknown to us. In [13] we prove that 2r + 6 6 F r (3) 6 2r + 8, r ¿ 3.
Some facts about critical chromatic graphs
We shall use the following two theorems in the proof of the main result:
Theorem C ( [3] , see also [4] ). Let G be a vertex-critical k-chromatic graph, |V (G)|= n and k ¿ 3. Then there exist ¿ Remark 1. In the original statement of Theorems B and C, the graph G is edge-critical k-chromatic (and not vertex-critical k-chromatic). Since each vertex-critical k-chromatic graph G contains an edge-critical k-chromatic subgraph H such that V (G) = V (H ), the above statements of these theorems are equivalent to the original ones. They are also more convenient for the proof of the main result.
Remark 2. The original statement of Theorem C includes also the condition n ¡ Proof. Let V 1 ∪ · · · ∪ V r+1 be an (r + 1)-colouring of V (K 1 + G), and let V (K 1 ) = {a}. Suppose that V 1 is an independent set. Then
Since V 1 is an independent set, V 2 is not an independent set. Thus, V 2 contains a 3-clique. 
Consider the r-colouring V 1 ∪· · ·∪V i ∪· · ·∪V r of V (G). Since V i is an independent set, (3) implies that for some j = i the set V j contains a 3-clique, which is a contradiction. Lemma 4. Let G be a graph and ). This contradicts G ∈ H r (3).
Proof of the Theorem
6.1. Proof of the inequality F r (3) ¿ 2r + 7; r ¿ 3
We prove this inequality by induction on r. The base of the induction is r = 3. We need to prove that F 3 (3) ¿ 13. Assume the opposite. Let G ∈ H 3 (3) and |V (G)| 6 12. By Proposition 1 we have (G) ¿ 7. From Lemma 4 it follows that G is a vertex-critical 7-chromatic graph. By Theorem B, we have G=G 1 +G 2 . Obviously, it is enough to consider only the situation when cl(G 1 ) 6 cl(G 2 ). Since cl(G) ¡ 6, we must have cl(G 1 )= 1 or cl(G 1 ) = 2. If cl(G 1 ) = 1, then from G ∈ H 3 (3) we deduce that G 2 ∈ H (2; 3; 3; 5). This contradicts Proposition 2. If cl(G 1 ) = 2, then from G ∈ H 3 (3) it follows that G 2 ∈ H 2 (3), which contradicts Proposition 3. Let r ¿ 4 and G ∈ H r (3). We need to prove that |V (G)| ¿ 2r + 7. Assume that (4) and Theorem C, implies that G=K 2 +G 1 . From G ∈ H r (3) it follows that G 1 ∈ H r−1 (3) . By the inductive hypothesis, |V (G 1 )| ¿ 2r + 5. Therefore, |V (G)| ¿ 2r + 7.
6.2. Proof of the inequality F r (3) 6 2r + 7
Consider the graph P, whose complementary graph P is given in Fig. 1 . In [14] it is proved that P → (2; 3; 3):
By (5) and Lemma 2, K 1 + P → (3; 3; 3). Lemma 3 gives K 2r−6 + (K 1 + P) = K 2r−5 + P → (3; : : : ; 3 r ):
Since cl(P)=4, cl(K 2r−5 +P)=2r −1. Hence K 2r−5 +P ∈ H r (3). From |V (K 2r−5 +P)|= 2r + 7 it follows that F r (3) 6 2r + 7. This completes the proof of the theorem.
Proof of Theorem A
Deÿne r =K r−5 +C 5 +C 5 , r ¿ 5. Let G be a graph such that cl(G) ¡ r, (G) ¿ r+1 and |V (G)| 6 r +5, r ¿ 5. We need to prove that G = r . The proof starts by observing that If r is a subgraph of G then G = r :
Indeed, the relations |V (G)| 6 r + 5 and |V ( r )| = r + 5 imply V ( r ) = V (G). Since cl(G) ¡ r and cl( r + e) = r, ∀e ∈ E( r ), we have G = r . It follows from (G) ¿ r + 1 that G contains a vertex-critical (r + 1)-chromatic subgraph. This fact and (6) imply that it su ces to prove the following statement:
If G is a vertex-critical (r+1)-chromatic graph such that cl(G) ¡ r and |V (G)| 6 r+
The proof is by induction on r, with induction base r = 5. Let G be a vertex-critical 6-chromatic graph satisfying cl(G) ¡ 5 and |V (G)| 6 10. We claim that G = 5 . By Theorem B, we have G = G 1 + G 2 . We will prove that
and
Since cl(G) = cl(G 1 ) + cl(G 2 ) 6 4, (7) will follow from the inequalities cl(G i ) ¿ 2, i = 1; 2, which we are about to establish. Assume on the contrary that, for instance, cl(G 1 )= 1. Clearly, (G 1 ) = 1. We infer from cl(G 1 ) = (G 1 ) = 1 that cl(G 2 ) ¡ 4 and (G 2 ) = 5. Since |V (G 2 )| 6 9, this is impossible by F 4 (2) = 11 [11] . The contradiction proves (7) . Assume that (8) is false. Let, for instance, (G 1 ) 6 2. Then (G 2 ) ¿ 4. Since cl(G 2 )=2, ChvÃ atal's result in [1] implies that |V (G 2 )| ¿ 11, contradicting |V (G 2 )| 6 9. Now (7) and (8) yield |V (G i )| ¿ 5, i = 1; 2. Because |V (G)| 6 10, we obtain |V (G i )| = 5; i = 1; 2:
It follows from (7) to (9) By Theorem C, we have G = K 1 + G . It is clear that G is a vertex-critical r-chromatic graph satisfying cl(G ) ¡ r − 1 and |V (G )| 6 r + 4. We obtain G = r−1 by the inductive hypothesis. Hence G = r , and Theorem A follows.
